In this paper, we study two different models of dark energy based on Chaplygin gas equation of state. The first model is the variable modified Chaplygin gas while the second one is the extended Chaplygin gas. Both models are considered in the framework of higher order f (R) modified gravity. We also consider the case of time varying gravitational constant G and Λ for both models. We investigate some cosmological parameters such as the Hubble, the deceleration and the equation of state parameters. Then we showed that the model that we considered, extended Chaplygin gas with time-dependent G and Λ, is consistent with the observational data. Finally we conclude with the discussion of cosmological perturbations of our model.
non-phantom and quintom phases of the universe can be well described using modified gravity without the necessity of the introduction of a negative kinetic term in DE models. The cosmic acceleration is evinced by the straightforward fact that terms like 1/R might become fundamental at small curvature. Furthermore, modified gravity models provide a natural way to join the early-time inflation and late-time acceleration. Such theories are also prime candidates for the explanation of the DE and DM, including for instance the anomalous galaxies rotation curves. The effective DE dominance may be assisted by the modification of gravity. Hence, the coincidence problem is solved there simply by the fact that the universe expands. Modified gravity is also expected to be useful in high energy physics, explaining the hierarchy problem or unification of other forces with gravity [50] . Some of the most famous and known models of modified gravity are represented by braneworld models, f (T ) gravity (where T indicates the torsion scalar), f (R) gravity (where R indicates the Ricci scalar curvature),
is the Gauss-Bonnet invariant, with R µν representing the Ricci curvature tensor and R µνλσ representing the Riemann curvature tensor, f (R, T ) gravity, DGP models, DBI models and Hořava-Lifshitz gravity [51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68] .
In order to obtain a comprehensive model, we also add two modifications to the ordinary model. First, we consider a fluid which governs the background dynamics of the universe in a higher derivative theory of gravity. Second, we consider time varying G and Λ. As we know, the Einstein equations of general relativity do not permit any variations in the gravitational constant G and cosmological constant Λ. Since the Einstein tensor has zero divergence and energy conservation law is also zero, some modifications of Einstein equations are required. A similar study has been recently performed for another fluid model instead of Chaplygin gas [69] . There are also several works on cosmological models with varying G and Λ [70, 71] . Therefore, in this paper, we study two different models of Chaplygin gas models in higher order gravity with varying G and Λ. This paper is organized as follows. In section 2, we introduce our models. In section 3, we study special cases corresponding to constant G and Λ. In section 4, we investigate the Hubble, the deceleration and the EoS parameters for the two models that were introduced. In Section 5, we consider the statefinder diagnostics for both models. In section 6, we make a perturbation analysis for Chaplygin gas. Finally, in section 7, we write the conclusions of this paper.
The models
We consider two different models for a fluid which governs the background dynamics of the universe in a higher derivative theory of gravity in the presence of time varying G and Λ. Within modified theories of gravity, we hope to solve the problems of the dark energy which are originated from general relativity. A gravitational action with higher order term in the Ricci scalar curvature R containing a variable gravitational constant G(t) is given by:
where f (R) is a function of R and its higher power (including a variable Λ), g is the determinant of the four dimensional tensor metric g µν and L m represents the matter Lagrangian.
Considering the second order gravity, we can take into account the following expression of f (R):
where α is a constant parameter. By using the following flat FRW metric:
where dΩ 2 = dθ 2 + sin 2 θdφ 2 represents the angular part of the metric and a(t) represents the scale factor (which gives information about the expansion of the universe), we get the following Friedmann equations [72] :
where an overdot and two overdots indicate, respectively, the first and the second derivative with respect to the cosmic time t. The energy conservation equation is given by the following relation:
where ρ and P are the energy density and the pressure of the perfect fluid, respectively. Modified theories of gravity (like f (R) theories) give the opportunity to find a natural representation and introduction of the dark energy into theory. Therefore, the type of the dark energy and dynamics of the universe depends on the form of f (R) which will be considered. The type of the work which we would like to consider in this paper assume the existence of an effective fluid controlling the dynamics of the universe composed non-interacting dark energy (emerging from f (R)) and a fluid emerging from our assumptions. Assuming there is not interaction, for matter we have the following continuity equation:
ρ + 3H(ρ + P ) = 0.
Therefore, comparing Eqs. (6) and (7), we can easily derive the following relation for the dynamics of G:Ġ +Λ 8πρ = 0.
The energy density ρ can be assumed as originated by some kinds of Chaplygin gas. In particular, we have that the MCG is described by the following EoS:
where A and B are two arbitrary constant parameters which may fitted using observational data. The special case corresponding to A = 0 yields to the GCG EoS, while the special case corresponding to A = 0 and n = 1 recovers the pure Chaplygin gas EoS. Moreover, the limiting case corresponding to n = 0.5 has been studied in [73] . Then, authors of the Ref. [74] concluded that the best fitted parameters are A = −0.085 and α = 1.724, while Constitution + CMB + BAO data suggests A = 0.061 ± 0.079, n = 0.053 ± 0.089, and Union + CMB + BAO results suggests A = 0.110 ± 0.097, n = 0.089 ± 0.099 [75] . Other observational constraints on MCG model using Markov Chain Monte Carlo suggests A = 0.00189 +0.00583 −0.00756 , α = 0.1079 +0.3397 −0.2539 at 1σ level and A = 0.00189 +0.00660 −0.00915 , n = 0.1079 +0.4678 −0.2911 at 2σ level [76] . There are also other constraints for example those reported by the Refs. [77, 78, 79, 80] . It is possible to consider B as a variable (depending on the time t) instead of a constant. So, a time-varying MCG can be described by the following EoS:
where
with ω(t) given by [81] :
where ω 0 and ω 1 are two constant parameters. In the second model we consider ECG with the following EoS:
B and n are arbitrary constants, and A k = 1/k assumed in this paper. The ECG EoS reduces to the MCG EoS in the limiting case of k = 1, and can recover barotropic fluid with quadratic EoS by setting k = 2. Moreover, higher values of k may recover higher order barotropic fluid which is indeed our motivation to consider the ECG.
3 Numerical results with constant G and Λ
We start the analysis of the models considered in this paper with the case of constant Λ and G (we will also consider units of 8πG = c = 1). Therefore, we have the following two equations, which will describe the dynamics of the universe, in this case the dynamics of the Chaplygin gases described by the following equations:
andρ In the first model, given by the EoS (10), we obtain the behavior of the Hubble parameter and the EoS parameter ω = P/ρ by using a numerical analysis which is represented in Fig.  1 . The left plot of Fig. 1 shows a typical time evolution of the Hubble parameter. It is found that the value of H decreases with the increasing of the value of Λ. For Λ < 2.5, the Hubble parameter is an increasing function of time. Λ = 2.5 yields to the constant H while for Λ > 2.5 the Hubble parameter is a decreasing function of the time. Since one would expect the Hubble parameter to decrease with time and become constant at the present epoch, this model is not in good agreement with observational data. However, the evolution of the EoS parameter (right plot of Fig. 1 ) agrees with the ΛCDM model where it is expected to behave as ω → −1. Using Fig. 1 , we can obtain the following fit of the function of the Hubble parameter:
where H 0 is the current value of the Hubble parameter and C is a constant. Using the expression of H obtained in Eq. (16), we can now investigate the deceleration parameter q via the following relation:
Numerical analysis yields to Fig. 2 which shows that, for appropriate values of parameters involved, we obtain q = −1 which is in agreement with the ΛCDM model. In Fig. 2 , we can also see deceleration to acceleration and acceleration to deceleration phase transitions. Curves of this figure drawn for Λ ≥ 2.5, however in the cases of Λ ≤ 2.5 we find q ≤ −1. The analysis of the second model given by Eq. (13) is based on the following EoS parameter:
In the plots of Fig. 3 we represent behavior of some cosmological parameters by numerical analysis up to third order (m = 3). We obtained similar results with the first model. Therefore, we should apply a modification to obtain results which are in agreement with the current observations. For this reason, we will consider time varying G and Λ in the next section. 
Numerical results with varying G and Λ
To perform an analysis of the dynamics of the universe, we assume a specific model where effectively the form Λ is given by the following relation:
where γ is a positive constant. Therefore, using the expression given in Eq. (8), we have the following expression for the the dynamics of G:
Eq. (20) can be easily integrated leading to the following expression for G:
where G 0 is an integration constant. In the following subsections, we give a numerical analysis of the two models.
Variable modified Chaplygin gas model
Within this subsection, we analyze our first model, which is the time-varying modified Chaplygin gas with EoS given by:
where we used Eq. (10). The plots of Fig. 4 show that the Hubble parameter in this model is a decreasing function of time The first plot shows that increasing α increases the value of H; therefore we find that higher order terms of gravity increases the value of Hubble parameter. The second plot deals with the variation of parameter A. It has been shown that increasing A increases the value of H. In the third plot we look at how Hubble parameter changes with n. It is clear that the variation of H depends on the time period. During the period when t < 5, increasing n increases the value of H; but for t > 5, increasing n decreases the value of H. Finally, in the last plot we can see the variation of H with ω 0 and ω 1 . In the plots of Fig. 5 we can see the evolution of the deceleration parameter with various values of α, A, n, ω 0 and ω 1 . In all cases we can see that q takes value between -1 and 0, which is in agreement with current observational data. So in this case there is no acceleration to deceleration phase transition.
In Fig. 6 we draw EoS parameter versus time. We can see from the first plot that increasing α decreases the value of ω = P/ρ. It is illustrated that higher values of α makes ω → −1 faster than lower values of α. Similar situation happens by varying A (at least for the late time behavior). The third plot of Fig. 6 shows the variation of ω with n. The first and the second plots were drawn for n = 0.1 and n = 0.3 respectively causing ω to be a decreasing function of time and eventually asymptote to constant negative values. But, for different Finally, in Fig. 7 we draw the variation ofĠ/G versus time. According to the most observational data, we have [82] :
The plots of Fig. 7 show a good agreement with the observational constraint given in Eq. (23). Therefore, we can conclude that the first model agree with observational data with the exception of the results of the deceleration parameter. 
Extended Chaplygin gas model
In the second model we use the EoS parameter given in Eq. (18) . The plots of Fig. 8 show the behavior of Hubble parameter as a function of time.
We can see that the Hubble parameter is a decreasing function of time. These plots suggest the following general behavior for H: where C is a positive constant. Using this fit for the Hubble parameter we can obtain the following expression for the deceleration parameter q:
We plotted the behavior of the deceleration parameter obtained in Eq. (25) in Fig. 9 . We can see that q is negative during the early universe as well as the late universe therefore the universe is accelerating during these two eras. And between these two epochs q is positive, hence the universe is decelerating. This behavior is in agreement with the ΛCDM model. Figure 9 : Behavior of q against t. Model 2
In Fig. 10 , we plot the EoS parameter as function of the time. The first plot shows that varying of α does not have an effect on ω in the presence of higher order terms. The second plot deals with the variation of the constant B. For the cases of B < 3 the EoS parameter is a decreasing function of time which tends to −1, while for the case of B = 3 the EoS parameter is an increasing function of time which also goes to the value of −1. The third plot shows that increasing n decreases the value of ω. These plots are obtained for m = 3. The last plot contains 5 curves corresponding to m = 1, ..., 5 with increasing n. The case of m = 1 which corresponds to modified Chaplygin gas is illustrated by violet line. In the plots of Fig. 11 we can see the evolution ofĠ/G in agreement with observational data. 
Statefinder diagnostics
In the framework of general relativity, dark energy can explain the present cosmic acceleration. Except cosmological constant there are many others candidates of dark energy (quintom, quintessence, brane, modified gravity etc.). The property of dark energy is that it is model dependent and in order to differentiate different models of dark energy, a sensitive diagnostic tool is needed. Hubble parameter H, and deceleration parameter q are very important quantities which can describe the geometric properties of the universe. Sincė a > 0, hence H > 0 means that the universe expands. Also, ddota > 0, which is q < 0 indicates the accelerated expansion of the universe. Since, the various dark energy models give H > 0 and q < 0, one needs a further evidence to differentiate general models of dark energy by investigating cosmological observational data more accurately. For this aim, we need higher order of time derivatives of scale factor, a geometrical tool. In the Ref. [83] geometrical statefinder diagnostic tool proposed, based on dimensionless parameters (r, s) which are function of scale factor and its time derivative. These parameters are defined as follows:
Plots of Fig. 12 show results of our numerical analysis in both models for the cases of constant (G, Λ), and varying (G, Λ). We can see that the value of r in the cases of varying G and Λ are lower than the cases of constant G and Λ. However (r, s) = (1, 0) verified in all cases.
Perturbation analysis
One of the best ways to investigate the stability of a model is studying cosmological perturbations [84] . The first equation is obtained using the continuity equation given in Eq.
:
is the squared speed of the sound. On the other hand, using Eq. (4), we can obtain the following relation:
where we used Eqs. (19) and (21) together with P = ωρ and δ = δρ ρ . We can then rewrite Eq. (14) in first order in δH, and differentiate it with respect to t, obtaining:
where we used δ = δH H along with Eq. (27) . We are interested in the case of the extended Chaplygin gas; so combining Eqs. (29) and (30) gives:
Then, using Eqs. (4) and (24) we can obtain a time-dependent equation to investigate perturbation evolution. We can see from the Fig. 13 that perturbations will grow for m > 1. However, after long time, they lead to a constant. Moreover, the analysis of the squared speed of the sound C 2 s shows that the model is stable at all time. In the Fig. 14 In the case of m = 1 which corresponds to MCG we have constant squared sound speed at initial time increasing at the late time. For the case of m = 2, i.e. quadratic barotropic fluid, we can see that value of squared sound speed increases dramatically at the early universe and decreasing at later stages to a constant value. Similar behavior is observed for the case of m = 3. Therefore, we can conclude that squared sound speed is positive for these models hence stable.
Conclusion
In this work, we considered higher order f (R) gravity with time-dependent G and Λ. We assumed Chaplygin gas as a candidate for dark energy and considered two models to describe the evolution of our universe. The first one was the variable modified Chaplygin gas model (VMCG). The constant B in ordinary MCG, is a time-dependent quantity in the context of VMCG. The second model was the extended Chaplygin gas. This is indeed extended version of MCG to recover higher order barotropic fluid EoS. We assumed a specific case where Λ being proportional to the energy density and analyzed the Hubble, the deceleration and the EoS parameters. We found that varying G and Λ fit the observational data compared to the cases of constant G and Λ. We also found that the extended Chaplygin gas is a more appropriate model compared to the variable modified Chaplygin gas model. We can see also acceleration to deceleration phase transition in the extended Chaplygin gas model. Finally, we investigated the evolution of the density perturbations by looking at perturbed Friedmann equations. We also confirmed stability of the extended Chaplygin gas by investigating the square of the speed of sound. In summary, we think that the higher order corrected extended Chaplygin gas with time-dependent G and Λ as a possible model able to describe the evolution of our universe.
